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Abstract. The title refers to the nilcommutative or NC-schemes introduced by M. 
Kapranov in Noncommutative geometry based on commutator expansions, J. reine 

■ angew. Math 505 (1998) 73-118. The latter are noncommutative nilpotent thicken- 
ings of commutative schemes. We consider also the parallel theory of nil-Poisson or 
A'^f-schemes, which are nilpotent thickenings of commutative schemes in the category 
of Poisson schemes. We study several variants of de Rham cohomology for NC- and 

^ ■ A'^f-schemes. The variants include nilcommutative and nil-Poisson versions of the de 

pr^ I Rham complex as well as of the cohomology of the infinitesimal site introduced by 

CO ' Grothendieck in Crystals and the de Rham cohomology of schemes, Dix exposes sur la 

cohomologie des schemas, Masson & Cie, North-Holland (1968) 306-358. It turns out 
that each of these noncommutative variants admits a kind of Hodge decomposition 
which allows one to express the cohomology groups of a noncommutative scheme Y 

■ as a sum of copies of the usual (de Rham, infinitesimal) cohomology groups of the un- 
derlying commutative scheme X (Theorems 6.2, 6.5, 6.8). As a byproduct we obtain 
new proofs for classical results of Grothendieck (Corollary 6.3) and of Feigin-Tsygan 
(Corollary 6.9) on the relation between de Rham and infinitesimal cohomology and 
between the latter and periodic cyclic homology. 



1. Introduction 



In this paper we study the de Rham theory of the nilcommutative or A^C-schemes 
introduced by Kapranov in [Kap]. To start let us recall the definitions of NC- 
algebras and schemes and introduce differential forms for such objects. We consider 
algebras and schemes over a fixed field k of characteristic zero. Recall an associative 
algebra R is nilcommutative of order < / or an A^C^-algebra if for the commutator 
filtration 

n n 

(1) FqR = R, Fn+iR := ^ FpRFn+i-pR + ^ < [FpR, F^-pR] > 

p=i 35=0 

we have FiJ^iR = 0. For every A^C^-algebra R there is defined a noncommutative 
locally ringed space Spec R. Its underlying topological space is the prime spectrum 
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of the commutative algebra A = R/FiR; the stalk at p e Spec^ is the 0re local- 
ization of R at the inverse image of p under the projection R ^ A. Prime spectra 
of A^C/ -algebras are called affine NCi-schemes. In general an A^C; -scheme is a 
locally ringed space that can be covered by affine A^C;-schemes. If y = {Y, Oy) is 
an A'"C/-scheme then yt^l = (Y^Oy/FiOy) is a commutative (i.e. usual) scheme. 
In particular an ATCo-scheme is just a commutative or Comm-scheme. There is a 
natural notion of differential forms for ArC/-schemes, as follows. For R e NCi we 
define its A'"C/-DGA of differental forms as the quotient 

(2) nNC,R= 



Fi^iClR 



of the usual DGA of noncommutative forms ([CQl]) by the / -|- 1-th term of its 
commutator filtration (taken in the DG sense). For example if R is commutative 
and I = 0, then this is the usual commutative DGA of Kahler forms. One checks 
that flNCi localizes (in the 0re sense), and thus defines a sheaf of A'^Cz-DGA's 
on Speci? which is quasi-coherent in the sense that each term fi^,^^ comes from 
an i?-bimodule and its (0re) localizations (see sections 2 and 4 below). Thus for 
every NC i-scheme Y there is defined a quasi-coherent sheaf 0,nCi A/"C/-DGA's. 
We compute its cohomology in the formally smooth case. Recall from [Kap] that 
an A'^Cz-algebra R is formally iVC;-smooth if homArcj (R, ■) carries surjections with 
nilpotent kernel into surjections. We call an A^C/-scheme formally A^C;-smooth if 
it can be covered by spectra of formally A^C^-smooth algebras. We remark that 
Y formally A^'C^-smooth =^ Y^^^ formally Comm-smooth. We show (Corollary 6.3) 
that if Y is formally A^Cr smooth then for X = y M 

(3) EI*(Yzar, ^NCi) '■— EI*(Xzar, ^NCiOy) — EI*(Xzar, f^Comm) H^j^X 

is just the usual de Rham cohomology of the underlying commutative scheme. 
In the affine case, because of the quasi-coherence of the Zariski sheaf QnCi its 
hypercohomology is just the cohomology of its global sections (cf. (27)) and we 
have 

H*{nNC,R) = H*(Speci?,fliVC,) = H*(SpeC^, flcomm) = H*{ncommA) =: H^jiA 

This contrasts with the fact that for every R e Ass the usual DGA of noncommu- 
tative forms is acyclic, that is 



H^'inR) = 



k if n = 
iin^O 



Recall however that if we divide QR by its commutator subspace we get the image 
of the periodicity map in cyclic homology ([L, 2.6.7]) 

which is nontrivial in general. For example if A is smooth commutative then ([L 
5.1.12]) 
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We show (see 8.3.4 below) that if R is formally A^C/-smooth then for A = R/FiR, 

Zjri( ^'NCiR X _ /TN TTn+2mA 

^ ^[n^c^R,n^c^R]^-^f'^^ 

Note that H^^'^^A is the n-th cohomology of the complex 

(4) T2„,nComm-4 : ,^2m-l a ~^ ^C^mm^ ^ • • • 

'Comm^ 

which has ^comm^/'^^Comm^ degree zero. We show (Corollary 6.6) that if y is 
a formally A^'C^-smooth scheme then for X = 

O ' 

(5) H"(yzar, 77^^ t) = H"+2-(Xzar, T^m^Comm) 

Here X = yM, and fiArC;/[^ivCn ^a^cJ and T2m^Comm are the sheafified com- 
plexes. In particular the 0-th term of T2m^Comm is the sheaf cokernel of d : 
^Comm ~^ ^Comm! ^ quasi-coherent sheaf. There is always a map 

^dR^"^^^) ~^ '^2m^^Comm) 

induced by the projection Ocomm[2m] T2m^Comm. but it is not an isomorphism 
in general, not even if X is afSne. Hence in general 

Next we consider a third type of de Rham complex; the periodic X-complex of 
[CQ2] . Recall that if R is any algebra then Xi? is the 2-periodic complex with 

-v^even p oO T) T) ^odd p ol Z? i i -ft 

X it — Sixt — JrL X it — Si xth 



and with the de Rham differential as coboundary from even to odd degree and the 
Hochschild boundary from odd to even degree. We compute the cohomology of 
X for formally A^'Coo-smooth schemes. Such a gadget consists of a commutative 
scheme X together with an inverse system of Zariski sheaves 

Oy^: ...^Oyi^ Oy,_, . . . ^ Oy^ ^ Oyo = Ox 
such that each Yi — {X, Oyi) is a formally A^C^-smooth scheme, that 



FiO 



and that the map Oyi Oyi^^ is the natural projection. We compute the hy- 
percohomology of the procomplex 'X.Oy^ '■= {3COyi}i', we show (Corollary 6.10) 
that 

(7) H"(Xpro-Zar,X(Or^)) = J] ^d^"^ 
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Moreover the decomposition above is induced by the commutator filtration. On 
the other hand we prove that for periodic cychc homology 

(8) HCnX) = H*(Xpro-Zar,^C»y^) 

Putting (7) and (8) together we get the well-known formula ([L, 5.1.12], [W3, 3.3]) 

(9) Hcnx) = n ^^r"^ 

2j>n 

Our proof gets rid of the usual finiteness hypothesis and shows that the so-called 
Hodge decomposition (9) comes from the commutator filtration. 

Each of the results for formally smooth schemes mentioned up to here is de- 
duced from a general theorem which holds without any smoothness hypothesis. 
In the absence of formal smoothness we need to replace de Rham by infinitesimal 
cohomology. Recall that if X is a commutative scheme then its infinitesimal co- 
homology is the cohomology of the structure sheaf on the infinitesimal site, which 
consists of all nilpotent thickenings U ^ T of open subschemes U G X. One 
can also consider the A^C/-infintesimal site of any A''C/-scheme Y, consisting of all 
nilpotent thickenings U ^ T of open subsets U ofY with T an A'"C/-scheme. We 
prove that for Y formally A'"C/-smooth 

(10) i/*(r7VC,-iof, O) =H*(rzar, ^^iVcJ 

(11) H*{Yj,c^-int,j;^)=M%Yz, ^ 



[0,0y ' [nr,c^,nNC^Y 

The above generalizes the theorem of Grothendieck ([Dix]) which establishes the 
case / = of (10) (compare also [Co2, Th. 3.0]). For commutative but not nec- 
essarily Comm- formally smooth X , we have (as part of theorems 6.2 and 6.5) the 
following generalizations of (3) and (5) 

H*(XNCi-inh^) =H*{Xcomm-in{,0) 

(1 ' O"^ 

Tj*(v \ Tj*+2m/ V- '^'Comm N 

H (AjvCi-inf, r.^ (Acomm-inf, ,(^^-1 ) 

^ ' J m=0 "^'Comm 

In place of (7) and (8) we obtain (as part of Theorem 6.8) 

iycr(x) ^M^{XMc^-ini,x) 

= H if2'"-"(Xcomm-inf,e') (n G Z) 

2m>n 

Here NCoo — inf denotes the site of all nilpotent thickenings U "-^ T with T an 
A^C-scheme of arbitrary order. In particular we recover Feigin-Tsygan's formula 
([FT,Th. 5], [W3, Th. 3.4]) without finiteness hypothesis and by noncommutative 
methods, showing that also this instance of the Hodge decomposition comes from 
the commutator filtration. In the commutative case there is an equivalent definition 
of infinitesimal cohomology which also generalizes to A'^C-schemes and is as follows. 
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scheme Y, with ideal of definition / C Oy- Then it is known that the infinitesimal 
cohomology of X is the same thing as the hypercohomology of the /-adic completion 

(12) EI*(Xzar,t ^^CommOY) = H*{Xcomm-inh^) 

The same is true in the case of A^'C^ -schemes, with 0,nCi a formally A'"C/-smooth 
scheme Yi substituted for Ocomm and Y (cf. Theorem 6.2). A similar statement 
holds for 0/[0, O] and Vt]s[Ci/[^NCn^NCi]i but we have to take pro-complex co- 
homology rather than just complete (cf. Theorem 6.5). Back to the commutative 
theory, when X cannot be embedded in a formally smooth scheme, one can still 
take an open covering U oi X consisting of embeddable schemes (affine schemes are 
embeddablc). Then one can combine the completed de Rham complexes of each 
of the local embeddings and of their intersections into a kind of Cech complex as 
done in [HI, p. 28]; the analogy of (12) holds for this complex. The same is true 
in the NC-case, and (12) as well as its version for 0/[0,0] hold for systems of 
local A'"C-embeddings (defined in 3.2 below) substituted for single A'"C-embeddings 
(Theorems 6.2 and 6.5). 

We also consider the Poisson analogue of the commutator filtration, obtained by 
substituting Poisson for Lie brackets in (1). This leads one naturally to the notion 
of A'"P/-schemes, their differential forms, their nilpotent thickenings and through 
the latter to their infinitesimal topologies. We show that if X is a commutative 
scheme then 

H*{XNPi-in{, O) =H*{XNCi-in{, O) 

(13) iy*(Xjvp,-inf, Jq~0^) =H*{XNCi-ini, Jq~^) 

-H"*(-^ArP,-inf 5 2)) =iy* (XjvCi -inf 5 3C) 

Here we write O for the structure sheaf of both the NCi- and A^P/-infinitesimal 
sites, and 2) is a Poisson adaptation of the X-complex, similar to the adaptation of 
the usual cyclic complex given in [Br] and [Kas] (see 6.7-8 below). 

The rest of this paper is organized as follows. In section 2 the notion of a quasi- 
coherent sheaf of bimodules on an A^C-scheme is introduced, and its elementary 
properties are proved. Then this is used to establish the A^C-analogues of several 
notions from elementary algebraic geometry and their basic properties. In section 
3 the A'"C/-infinitesimal site of a scheme is introduced. The connection between 
this site and the indiscrete infinitesimal site of an algebra considered in [Col] and 
[Co2] is discussed (3.4-3.5). This section also contains a useful lemma regarding 
the Cech- Alexander complex for infinitesimal topology (Lemma 3.3.1). Section 4 
concerns A^C-differential forms and their elementary properties. In section 5 the 
Poissson analogues of what has been done in previous sections are discussed. In 
section 6 the main results of the paper are stated. These are packed into three 
theorems. The first (6.2) computes the NC- and A^P-infinitesimal cohomologies of 
the structure sheaf, and the Zariski hypercohomology of the complexes of NC- and 
A^P-forms. The second (6.5) computes the cohomology of the structure sheaves 
modulo Lie and Poisson brackets and compares them with the hypercohomology of 
the complexes of forms modulo commutators and Poisson brackets. The third (6.8) 
computes the infinitesimal hypercohomology of the Cuntz-Quillen complex and of 
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the reader's convenience the particular case of each theorem concerning formally 
smooth schemes has been included as a corollary. The proofs of the main theorems 
are given in section 8, after a number of lemmas and auxiliary results which arc the 
subject of section 7. Among these auxiliary results at least one is of independent 
interest (Prop. 7.9). It establishes that if X is a commutative scheme then 

iy^(Xcomm - inf , ^^Comm) =0 for p > 0, ? > 1 

2. Basic properties of A^C-schemes 

2.1. AC-bimodules and associated sheaves. We extend the commutator fil- 
tration (1) to arbitrary i?-bimodules M hy FqM = M and 

n 

(14) Fn+iM := J2 FpMFn+i-pR + Fn+i-pRFpM+ < [FpM, F^-pR] > 

p=0 

As in [Kap] we write NCi for the category of those algebras R such that Fi^iR = 0; 
in addition we put NCm{R) for those M E R — Bimod such that F^+iM — 0. Let 
NCoo = Ui>oNCi, NCoo{R) = U^>oAC^(i?). Note that R e NCi ^ R e 
NCi{R) (0 < Z < oo). If Q! : i? — > i?' e NCoo is a homomorphism and N is an 
i?'-bimodule then we can either take its commutator filtration as an R'— or an R— 
bimodule (via a). For each < n we have the inclusion 

(15) F„«(A)cf5(A) 
It follows that 

(16) N e NCn{R') ^ A e NCn{R) 

In other words the functor R' — Bimod — > i? — Bimod induced by a sends NCn{R') 
into NCniR) (0 < n < oo). Forn < oo the functor NCn{R') NCn{R) has a left 
adjoint given by 

^ Fn+i{R' ®R M ®R R') 

Note however, that the functor NCoo{R') ACoo(-R) does not have a left adjoint. 

Fix R e NQ and M e NC^{R); put A := R/F-^R. The proof of [Kap,2.1.5] 
shows that any multiplicative subset T G R satisfies both the right and the left 
0re conditions. Similarly the proof of [Kap, 2.1.7] shows that localization com- 
mutes with each of the terms of the filtration (1). In particular Fi(i?[r~^]) = 
{FiR)[r~^] C i?[r~^] is a nilpotent ideal, whence an element of i?[r~^] is invertible 
if it is so in R[r~^]/ {FiR)[r~^] which -by exactness of 0re localization- is the 
same thing as F"-*^^, the commutative localization at the image F C ^ of F. We 
have just shown that i?[r~^] depends only on F. We shall therefore write i^fF"-*^] 
to mean i?[r~"-'^]. The identity 

m 

s'^+^x = {J2 s'^-'ad{say{x))s {seR,xeM) 
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is proved in the same manner as [Kap 2.1.5.1]. It shows that right multiphcation by 
s is surjective if left multiphcation is. Similarly, by the same argument as in loc. cit, 
xs = implies s^~^^x ~ 0, whence also injectivity of left and right multiplication 
are equivalent. It follows that there is a canonical isomorphism 

M[r-^] := R[T-^] ®rM^M®r R[T-^] 

The same proof as in [Kap 2.1.6] applies with M substituted for R and proves that 

(17) F,(M[r-i]) = (F^M)[r-i] (n>0) 

Here the F„ on the left is taken in the sense of i?[r~^]-bimodules, while that on the 
right is taken in i? — Bimod. In particular M[r~^] G NCm{R\^~^])- Next we show 
that M and its localizations define a sheaf M on Spec A. We need some notations. 
If / e ^, p G Spec A and a; G M we put 

L>(/) = {qGSpecyl:/^q} 

and write Mf and Mp for the localizations at {f^ : n > 0} and at A\p respectively 
and Xp for the image of x in Mp . \iU C Spec A is open, we put 

M{u) c n 

for the subset of all those elements a which satisfy 

(18) (VpGf/)(3f/Di?(/)9p,xGM/)(VqGiP(/)) a^=x^ 
It turns out that 

(19) M{D{f)) = Mf 

Seeing this amounts to showing that the sheaf condition holds for affine coverings 
of affine open subsets, and one reduces immediately to the case when the affine 
open is all of Spec A. For M = R, this is [Kap, 2. 2. 1(b)]. In view of (17) the same 
proof as in loc. cit. works for arbitrary M. We put 

X = Spec R := (Spec A, R) 

and Ox '■= R- Note that Speci? is a locally ringed space (in the obvious noncom- 
mutative sense) and that M is an Cx-bimodule. Note further the adjoint property 

(20) homo^_Bimod(M, g) = homii_Bimod(M, QiX)) 

for Q G Ox — Bimod. The Ox-bimodule M is an example of the general notion 
of A^Cm-bimodule over Ox, which is defined as follows. If Q is an (9x-biniodule, 
we write F^G for the sheafification of the presheaf U i— > F^QiU) {n > 0), with 
Fn{Q{U)) taken in the sense of Ox(t^)-bimodules. Note the inclusion 
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We say that G is an NCm-bimodule over Ox and write Q e NCm{Ox) if Fm+iQ = 
0. For G = FnM the inclusion (21) together with the adjunction (20) give a sheaf 
map 

(22) ^ FnM 

which is an isomorphism by (17) and (19). In particular M e NCm{Ox)- We 
remark that the functor NCm{R) — NCm{Ox) which sends M i— > M is exact, 
because 0re localization is. Suppose now a homomorphism a : R — > R' & NC 
is given. Then a descends to a homomorphism A — > A' = R' / FiR' , which in turn 
induces a continuous map a : Spec A' — > Spec A. The map a together with the 
induced homomorphisms 

R{D{f)) = Rf^ R'^f = a4R'){D{f)) (/ e A) 

give rise to a map of locally ringed spaces X' := Speci?' — > X. If ^ e NCm{Ox') 
then a^g e NCm{Ox), by (16). If furthermore ^ = iV for some N e NCm{R') 
then 

where the subscript indicates that R acts through a. A left adjoint of the functor 
a. : NCm{Ox') ^ NCm{Ox) is given by 

^23) Q*g ^ ®&-^Ox ®Q ®&-^Ox Ox' 



2.2. Quasi-coherent sheaves. Let X = {X, Ox) Spec A; be a (not necessarily 
commutative) locally ringed space over Spec A; and < Z < oo. We say that X is an 

affine NCi-scheme if it is isomorphic -as a locally ringed space over Spec k- to the 
spectrum of some R G NCi, and in general that it is an NCi-scheme if every point 
p E X has an open neighborhood U such that {U, Ox\u) is an afSne A^C/-scheme. 
We write NCi — Sch for the category of A'"C/-schemes and morphisms of locally 
ringed spaces and put NCoo — Sch = \Ji>qNCi — Sch. Note that NCq — Sch is the 
usual category of commutative schemes over Spec k. Like in the commutative case, 
the global sections functor is right adjoint to Spec; we have 

RomNCi-SchiX, Speci?) = HomTvc, {R, Ox{X)) 

This is proved in two steps, first for X affine and then in general; the arguments of 
the proofs of [EGA, 1.7.3] and [EGA, 2.2.4] apply verbatim to the iVC-case. 

Fix X e NCi; an A^'C^-bimodule over Ox as defined in 2.1 above is called 
quasi- coherent if every point p & X has an open affine neighborhood U such that 
the natural map 

(24) M(U) ^M\u 

is an isomorphism. Put QCohm{X) for the category of A'^Cm-quasi-coherent bi- 
modules. Recall [H2, Prop. 5.4] that for / = the definition we have just given 
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subset U. The same is true for arbitrary m and I. To see this note that in 2.1 
we have already proved the analogues of Prop. 5.1 and 5.2 and of Ex. 5.3 of loc. 

cit. One checks, using these results, together with elementary properties of 0re 
localization, that the proof of Lemma 5.3 in loc. cit. goes through for arbitrary 
m and I. The A^Cm-analogue of Prop. 5.4 of loc. cit. is then immediate. As an 
application of all this as well as of (22) and of the exactness of the functor" we get 
that if M e QCoh{X) and U is affine then 

(25) F^M^u = F^U) and = (t/ affine) 
In particular for each < n < / < cxo, the locally ringed space 

is an ATCn-scheme. We have a canonical identification 

QCohm{X) ^ QCoh^iX^''^) (0 < m < n) 
If S is any abelian sheaf on the commutative scheme X^^\ we put 

(26) H*{Xz.,,S):=H*{X^^ls) 

where the subscript indicates that cohomology is taken with respect to the Zariski 
topology. If M is A^Cm-quasi-coherent then the commutator filtration induces a 
cohomology spectral sequence 

Ef'^ = iy^(x£, ^^) ^ iy^+«(Xzar, M) 

We remark that -by (25)- the schemes FnM / F^+iM are quasi-coherent (n > 0). 
Thus for example if X happens to be affine then 

(27) i?"(Xzar,M) = (n>0) 
As an application of (27) one obtains that the subcategory 

QCohmiX) C NCm{Ox) 

is closed under extensions; indeed the proof of [H2, Prop. 5.7] applies. Now let 

f : X — > Y & ACoo — Sch be a homomorphism. The inclusion (15) implies that the 
functor : Bimod — ^ Oy— Bimod sends NCmiOx) into NCmiOy)- Formula 
(23) defines a left adjoint functor of the induced functor : NCm{Ox) 
NCmiOy)- It is clear from the affine case (2.1) that always sends QCohmiY) 
into QCohm{X). The proof of [H2, 5.8 c)] shows that if X'^l is noetherian, then 
also preserves quasi-coherence. 

We say that the morphism / is a closed or an open immersion if it is so in the 
sense of locally ringed spaces. The argument of the proof of [EGA, 4.2.2-b)] shows 
that if / is a closed immersion and Y is an affine AC/-scheme then also X e NCi 
and is affine. One shows using this that for any closed immersion / the functor 

(28) /r : NCmiOx) ^ NCmiOy) 

preserves quasi-coherence. As an application one obtains a one-to-one correspon- 
dence between equivalence classes of closed immersions X ^Y and quasi-coherent 
two sided ideals of Oy. 
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Lemma 2.2.1. Let X e NC^o, M N e QCohi{X), g : M := M/F^M N 

the induced map. Then 

i) g is surjective <^=4> g is. 

a) Assume M = N. If g = id^ then g\FiM = idpiM- 

Proof. Part =^ of (i) is trivial. To prove the converse we may assume X affine. 

Furthermore by (27) it suffices to show that if i? G NC oo and h : P — > Q E 
NCi{R) is such that h is surjective then so is h. To prove this it suffices to show 
hn : GnP '■— F^P/Fn+iP —>■ GnQ is surjective for all n > 1. Every element of 
GnQ is represented by a sum of elements of the form a • x • b where 

X = ad{ri) o ■ ■ ■ oad{rj){q) q & Q,ri, . . . ,rj & R,a & FiR, b e FkR,i + j + k = n 



If h{p) = q mod FiQ, then 



h{FnP) 3 h{a ■ ad{ri) o ■ ■ ■ o ad{rj){p) ■ b) = a ■ x ■ b mod F^+iQ 

This proves (i). To prove (ii) assume that P = Q and that h is the identity. Then 
for n, a, x and b as above, 

h{a ■ X ■ b) =a ■ ad{ri) o ■ ■ ■ o ad{rj){h{q)) ■ b 
=a ■ x ■ b mod F^+iP 

For n = I, Fn+iP = 0, so = can be replaced by =. □ 

Corollary 2.2.2. Let f : X ^ Y E NCoo — Sch. Then f is a closed immersion 
^ /M is. 

Remark 2.2.3. For open instead of closed immersions we still have 

/ : X — > y open immersion =^ /'"^ : X^'^'^ Y^'^'^ open immersion 



for each n > 0. 



2.3. Products of A^C-schemes; separated schemes. For / < cxo the categorical 
product of two affine ATC^-schemes as objects of NCi — Sch is given by 

R* R' 

(29) Spec R X / Spec R' = Spec 



Fi+^{R*R') 



where * is the coproduct in the category Ass of associative algebras. The product 
of not necessarily affine X, X' e NCi — Sch -denoted X Xi X'- is constructed by 
glueing together products of affine ones, just as in the commutative case. Note that 
products do not exist in NCoo- Wc say that an NCi scheme is separated -over 
Spec k- if the diagonal map 6i : X ^ X Xi X is a closed immersion. 



NONCOMMUTATIVE DE RHAM COHOMOLOGY 



11 



Lemma 2.3.1. Let X,Y e NCi, oo >/> rn > 0. Then 

i) {X xi y)H = yi'^]. 

a) X is separated <^=^ is separated. 

Proof. To prove part (i). The projections X XiY — > X,Y induce a map fm '■ 
{X xi y)[^l ^ e NCm - Sch. To show is an isomorphism we 

may assume X, Y are afhne, in which case the lemma is immediate from (29). Part 
(ii) is immediate from (i) and corollary 2.2.2. □ 

2.4. Thickenings. In this paper by a thickening of an A'^Coo-scheme X we un- 
derstand a closed immersion r : X — > T e NC oo — Sch such that Jr '■= ker(CT ^ 
T^Ox) is a nilpotent ideal. If both X,T e NCi — Sch then we say that r is an 
A'"C/-thickening. For example if X e NC^o then for each < m < Z the inclusion 

(30) Xl^l ^ 

is an A'"C/-thickening. We remark that all A'"C-thickenings considered in [Kap] are 
either of the form (30) or colimits of such. However the definition given here is 
more general, as it includes for example all thickenings of commutative schemes in 
the commutative sense ([Dix, 4.1]); indeed these are precisely the A^Co-thickenings. 
In fact we have 

Lemma 2.4.1. r : X ^ T is an NCi-thickening <^ : X^ ^ is an 
NCq -thickening. 

Proof. Immediate from 2.2.2. □ 

Lemma 2.4.2. Let t : X ^ T e NCoo — Sch be a thickening. Then X is affine 

<^==^ T is. 

Proof. If T is affine then X must be affine since it is closed (cf. the discussion 
just before (28)). To prove the converse, we may assume = 0. Because r 
is a closed immersion, r^Ox is a quasi-coherent O — A^Coo-bimodule (cf. (28)). 
Hence Jr is quasi-coherent, and an object of NCoo{Ox) since = and r is a 
homcomorphism. Because X = Speci? is affine, there is an i?-bimodule M such 
that Jr = M. Put E = Ot{T). Taking global sections in the exact sequence 

O^Jr^Or^ T^Ox 

and using (27) we get an exact sequence of E'-modules 

^ M ^ E ^ R^O 

Applying the functor ~ to the latter sequence we get 

0^ Jr^E ^ T^Ox 

It follows that the canonical adjunction map E — > Ot is an isomorphism. □ 
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Corollary 2.4.3. Let X be an NCooScheme. Then 
i) X is affine <^ is. 

a) If U,V (Z X are open affine subschemes and X is separated then U nV is affine. 

2.5. Pro-sheaves. If C is any category, we write Pro —C for the category of 
countably indexed pro-objects in C (cf. [CQ3], [AM]). For example if A e C is an 
object and 

• • • c J^n+i c :r„ c • • • c JTo = ^ 

is a filtration by subobjects, then each of the following inverse systems is an object 
of Pro -C 

•F DO • • • • ^ a+1 ^ n ^ ^ • • • ^ -F D 

id id id A 

A A_ A_ 

■^1 ■J' OO '• • • • ^-77 ^"TT ^-77 

*' n+1 n •'1 

We are of course assuming that the quotients above exist in C. Recall Pro — C is 
abelian if C is, and -by [CQ3, Prop. 1.1]- has sufficiently many injectives if C 
does. In particular if X is an A^C-scheme, then the category Pro —5/1^6 (Xzar) of 
pro-sheaves of abelian groups has sufficiently many injectives, and thus the right 
derived functors of the total global section functor 

H.^ : FTO-ShAb{Xze,r) ^S = {Siji^i ^ liinH^{X,Si) e Ab 

i£l 

are defined. We write 

H*{Xpro-Zav,S) := R*{H^)S 
There is a cohomology spectral sequence 

(31) = ifP(Xzar,lim'^5) ^ ifP+'^(Xpro-Zar,5) 

For example if M. is an inverse system of quasi-coherent sheaves with surjective 
maps 

...^M2^Mi (Mn e QCoh^iX)) 
then by (27) and [HI Ch. 1 §4], the derived functors of lim vanish and we get 

(32) iy*(Xpro-Zar,At) = i^* (Xzar, hm M) 

An important application of pro-sheaves is to fix the problem that usual sheaf 
cohomology does not commute with infinite products of abelian sheaves; that is 

OO OO 

H*{Xza.v, Y\. '^") 7^ n -^*(^Zar, «5n) 
n=l n=l 

However for the pro-sheaf 
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we have 

CXD 

(33) H* (Xpro _ Zar, JJ^ »5) = JJ^ i?* (Xzar, Sn) 

n=0 

Hypercohomology of pro-sheaves -in the Cartan-Eilenberg sense [W2, App]- is 
defined in the obvious way, and the obvious generahzations of (32) and (33) hold 
for hypercohomology. 

3. Infinitesimal topologies 

3.1. The infinitesimal topologies of an NC-scheme. Let Q < I < oo, X 

an A^C^-scheme. The N C i-infinitesimal site on X is the Grothendieck topology 
Xjvcj -inf defined as follows. The underlying category Cat(XjvCi-inf) has as objects 
the iVCrthickenings U ^T. We write {U, T) or even T to mean U ^T. A map 
{U,T) — > {U',T') in Cat{XNCi-mi) exists only ii U <Z U' in which case it is a 
morphism of A^C^-schemes T — > T' such that the obvious diagram commutes. A 
covering of an object T is a family {Tj T} of morphisms such that each Ti ^ T 
is an open immersion and UTj — T. A sheaf S on Xwcj-inf is the same thing as 
a compatible collection of Zariski sheaves {St £ Sh{Tza.r) '■ T e XjvCj-inf} (cf. 
[BO §5], [Dix, 4.1]). For example the infinitesimal structure sheaf O is defined by 
the collection {Ot}t of the structure sheaves of T e ATjvCj-inf- We remark that a 
sequence of A^C^-infinitesimal sheaves 

is exact <(=^ the sequence of Zariski sheaves 

(34) O^S^^St^St^O 

is exact for all T G X^vCi-inf- An important feature of infinitesimal cohomology 
is that it depends only on the underlying commutative scheme. Precisely, if X e 
NCi — Sch then the inclusion l : X^^^ ^ X is an object of -^j^Cj_inf; thus by 

composition we obtain a morphism of topologies F : Xwcj-inf — ^ ^]vC(-inf- With 
the notations of [A] , we put 

6, := : ShAb{X^S^c,-ini) ^ ShAb{XNC,_,^t) 
3.1.1. Lemma. H*{XNCi-ini,i^*S) = H*{xPc^_,^^,S). 

Proof. One checks that the left adjoint i* of is exact. On the other hand is 
exact by (34). The lemma follows from the Leray spectral sequence associated to 
the morphism of topoi l — (i*, l*) : Sh{X^^^^^_^j^f) —>■ Sh{XNCi-ini)- D 

If X is a commutative scheme and m <l < oo then the natural inclusion 

3 '■ -^iVC^ -inf ^ X^Ci-ini 

is a morphism of topologies. An argument similar to that of the proof of 3.1.1 shows 
that for := and S e ShAh{XNCm-'i-n.i) we have 
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3.1.2. Lemma. H*{XNC,-intJ.S) = H*{XNC^-ini,S) □ 

3.2. Formal A'^Cz-smoothness; systems of embeddings. Let < Z < oo. 

An A^'C^-scheme X is formally NCi-smooth {I < oo) if it can be covered by open 
afRne schemes of the form Spec R with R formaUy /-smooth in the sense of [Kap] 
and [Co4]. Equivalently X is formaUy A^C^-smooth if the representable sheaf X 
covers the final object * of the A'"Cr infinitesimal topos, i.e. the map X -» * is 
an epimorphism (cf. [BO, 5.28]). An NCi- embedding of X is a closed immersion 
T : X ^ Y with Y formally /-smooth. If 3 = ker(0-K -» t*Ox)) we consider the 
n-th formal neighborhood of X along X ^ Y 

{Y)n := {X,T-'^)eXr,c^-in^ 

An A^'Coo-embedding is a direct system y = {X ^Yi^ Yl+i ^ • • • } where X ^ 
Yi is an A^C^-embedding and for m > l + l each Ym-i ^ Ym is an NCm embedding. 
A system of (local) N C i-embeddings of X is a family y = {ti : Ui ^ Yi : i & 1} 
indexed by a well ordered set I such that U = {Ui : i e /} is an open covering of 
X and each Tj is an A'"C/-embedding. The utility of the order on / will be clear in 
3.3 below. The definition of a system of A^'Coo-embeddings is analogous. 

3.3. Cech- Alexander complex. Let / < oo, X be a separated ArC/-scheme, y := 
{Ui ^Yi : i e 1} a system of A'"C/-embeddings, and S a sheaf of abelian groups on 
XNCi-ini- For io < ■ ■ ■ < ip {ij e /) we consider the following object of XjvCf-inf 

(i"zo,...,^p)n := {u,, n • • • n t/,^ xr • • y,j„) 

The Cech- Alexander (pro-) complex of X relative to y is the double pro-complex of 
Zariski sheaves 

(35) C^y'{S)n= n 

io<---<ip 

with as horizontal coboundary the alternating sum of the cofaces induced by the 
natural inclusions and the natural projections 

and with as vertical coboundary the alternating sum of the cofaces induced by the 
q+1 distinct projections Yi^'^'^'l^ -» ^i^'^ i^- In other words Cy*{S) is a semi- 
cosimplcial-cosimplicial pro-sheaf, regarded as a double cochain pro-complex in the 
usual fashion. Next assume y extends to a system of A'"Coo-embeddings Z and let Q 
be an abelian sheaf on XjsfCoc-ini- By definition 2^ is a sequence yi ^ yi+i ^ . . . 
of systems of embeddings and compatible maps. Hence it gives rise to the following 
double complex in ShAbiXf^''^ 

(36) Cr{Q)m,n := C*'^(^^|x.c,-inJn (m > /, n > 0) 
As a pro-object, (36) is isomorphic to the inverse system 

CTiS)m ■■= C*/{g)m+l,m (m > 0) 
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3.3.1. Lemma. Let < I < oo, X a separated NCi-scheme, y = {Ui > Fj : i G /} 
a system of formally NCi-smooth emheddings and S an abelian sheaf on XjvCi-inf • 
Assume either of the following hypothesis holds 
i) U = {Ui : i E 1} is locally finite. 

a) (\/ T E XNCi-in{) the Zariski sheaf St is quasi- coherent in the sense of 2.2 
above. 

Then with the notations of 2.5 and 3.3, 

ro — Zar ; 

Cy{S)) 

Proof. Assume I < oo. Consider the foUowing objects of the infinitesimal NCi- 
topos 

iei 

where {Yi}^ is the representable sheaf. Then 

(37) =ker(Hom(5^,5) ^ Hom(]J (1^^ x (Y/)Z,S)) 

i<j 

where the map is the difference of those induced by the two projections (Yi)^ x 
(Yj)^) y. Because 3^ -» * is an effective epimorphism, (37) equals 

=iy ° {XnCi -inf 5 «5) 

It remains to show that ]HI*(Xpi.o - Zar, (■)) : S i— M.*{XpT-o-zar,Cy{S)) is a 
unversal 5-functor. Under either of the hypothesis i), ii) of the lemma, the products 
appearing in (35) are exact. Indeed in the case of i) this is clear, and for ii) it follows 
from (27) and [HI, Ch.l§4]. Thus we may assume y consists of a single embedding 
X ^ Y. It is clear from (34) that Cy{-) is an exact functor for each q > 0, whence 
M.*{Xpj-o-Zar,Cy{-)) is a 6- functor. It remains to show that the functor Cy{-) 
preserves injectives; this will follow once we show it has an exact left adjoint. For 
the product embedding y^i^ := {X ^ yx^+i} we have Cj(-) = Cj(,)(-). Thus we 
may assume q = 0. For each T = {r : U ^ T) e XNCi-ini let 

nr = min{m > 1 : ker(CT ^ t*C[/)"' = 0} 

One checks that the exact functor 

PvO-ShAb{Xz^,)3{Sn}n^ I n{Sn^\u)}\ E ShAb{XNCi-ini) 

is left adjoint to Cy{-). This finishes the proof for / < oo; the case Z = oo is proven 
similarly. □ 



16 



GUILLERMO CORTINAS 



3.4. The indiscrete infinitesimal topologies of an ATC-algebra. Let < / < 

oo, ^ e NCi. We write m.i{NCi/A) for the category of all surjective homomor- 
phisms with nilpotent kernel B ^ A. We equip the opposite category inf (A^C//A)''^ 
with the indiscrete topology; this means that li B = {B ^ A) then Cov{B) is the 
set of all isomorphisms B ^ B' & mf{NCi/A). A sheaf of abelian groups on 
iiii{NCi/A)°P with this topology is the same thing as a presheaf, which in turn 
is just a covariant functor Q : mf{NCi/A) — > Ab. Let X = Spec^. With the 
notations of [A] the functor 

F : mi{NCi/ArP ^ XNC^-ini, B ^ SpecB 

is a morphism of topologies, and induces a functor between the categories of sheaves 
of sets 

/* := : Sh{XNCi-ini) ^ Sh{mi{NCi/A) S ^ {B ^ if°(Spec S, 5)) 

The left adjoint of /* is the functor 

/* := Fs : Sh{M{NCi/A)) ^ Sh{XNC,-ini), Q^Q 

where for each T e ^ArCj-inf, Gt is the Zariski sheaf defined by (18). Because /* 
is exact (i.e. (/*, /*) is a morphism of topoi) we have a Leray spectral sequence 

(38) Ef''' = HP{ini{NCi/A), U){S)) ^ iyP+'?(X^c<-inf , «S) 
Here 

(39) {mU){S){B) = iy^(SpecSzar,«SspecB) (B e mf{NCi/A)) 

For example if M is a sheaf of A^C-bimodules on inf(A^C//A) then the Zariski 
sheaves St {T e Xjvcj-inf) are all quasi-coherent, whence (39) vanishes for q > 0, 
and 

(40) H*{mf{NCi/A), M) = H*{XNC,-inf, M) 

If Q : mi{NCi/A) Ab is arbitrary, we still have a natural map 

H*imf{NCi/A),g) ^ H*iXNCi-ini,G) 

but this is not an isomorphism in general. The Cech- Alexander pro-complex for the 
indiscrete topology is constructed as follows. Assume first Z < oo. Given a sheaf 
G : mf{NCi/A) — > Ab and a presentation 

0^ J ^ A^O 

of ^ as a quotient of an algebra R e Ass, we put 

C%jnXB^.J,Q)m = Q \ .X m>0 
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where CyP{R, J) is the pro-algebra of [Co2]. In case Ri := R/FiR is formally l- 
smooth, the procomplex CnCi{Ri J-, Q) computes sheaf cohomology (cf. [Col 5.1]) 

* (holim Cnc, {R, J, G)n) (Spec kp.^ - Zar , Cnc, {R, J, G)) 

n 

(41) =H*{M{NCi/A),g) 
We also put 

C^c^ (R, J, g)m = cic^ (R, J, g)m (m > 0) 

If Ri is formally /-smooth for all / (e.g. if R is quasi-free in the sense of [CQl]) 
then (41) holds for Z = oo as well. As a particular case of (31) (or rather of its 
hypercohomology version) we obtain a spectral sequence 

Ef'^ = HP{lim''CNCi{R, J, G)) ^ HP+^mf{NCi/A), G) (0 < Z < oo) 

This spectral sequence degenerates for example when G maps surjections with nilpo- 
tent kernel to surjections, as lim^ CnCi (-^5 J, ^)) = for g > 0. Hence if M is as in 
(40) and in addition maps surjections with nilpotent kernel to surjections, then 

iy*(X^c,-inf,M) = H*{\imCNC,{R,J,M)) 



3.5. Remark. One can also consider the indiscrete topology on the category 
inf(Ass /A) of all nilpotent extensions B ^ A, where B runs in the category Ass 
of associative algebras. It was proved in [Co2] that for A e Ass 

i?*(inf(AssM),^)=i?CrA 

We remark that the indiscrete infinitesimal cohomology of ^ e NCi as an associa- 
tive algebra does not agree with its cohomology as an A^'C^-algebra. For example 
if A is formally Comm-smooth then HC^^^ A is as in (9) while the indiscrete NCi- 
infinitesimal cohomology H*(ird{NCi/A)., 0/[0., O]) is as calculated in 8.3.4 below. 

4. 7VC- DIFFERENTIAL FORMS 

4.1. A^C-forms for A^C-algebras and schemes. We make some remarks re- 
garding the definition of A^'C^-forms given in the introduction (2). We observe that 
the bimodule filtration (14) is included in the DG-commutator filtration; we have 

F^VtPR C {Fm^Rf (m > 0) 

In particular 

n^j^c.R^NCiiR) 

Moreover one checks that 0,nci localizes; if F C i? is a multiplicative system then 
Thus the following AC-Ospeci?-biniodules are isomorphic 
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It follows that in general if X e NCi — Sch then the sheaf ^nCi '■— ^NCi^x is 
a quasi-coherent sheaf of DG- algebras over Ox- All this generalizes to the case 
Z = oo as follows. With the notations above, put 

^NC^R = {^NCiRji e Pro -R - Bimod 
If X is a scheme, then the Pro-Zariski sheaf fijvCoo defined in the obvious way. 

4.2. Remark. With the definitions above, the functor QnCi '■ NCi DGNCi is 
left adjoint to DGNCi NGi, A ^ A^. Indeed for R e NGi and A e DGNGi 

RomDGNCi {^NCiR, A) = HomcG Ass(^^, A) = 

= HomAss(i?, A°) = Hom^c, {R, A°) 

It follows from this that QnCiR is formally A'"C/-smooth in the obvious DG-sense 
<^=^ R is formally A^'C^-smooth. On the other hand 

^NCiR (~v ^ R ^ 



Fi^NCiR F^R 

for every R e NCi. Thus if A is smooth commutative and Ri is an A^^C^-smooth 
thickening of A in the sense of [Kap, 1.6.1] then ^If^CiRi is a DG-A^'C^-smooth 
thickening of the smooth DG Comm-algebra ricomm^- 

4.3. Forms and embeddings. If e Ass and J < i? is an ideal we put 

n^cAR^J) ■■= ^^G^ F^R + jJ ^ P^o-Ab 

for < Z < 00. Similarly for Z < 00 if J' = {r : X ^ Y} is an A/"C/-embedding with 
ideal of definition J, we put 

(42) Qy^^ = QmC: (r-' (j^^ ) e Pro -ShAb{X^,.) 

In general if 3^ = {Ui ^ : z e /} is a system of A'"C/-embeddings, ^"^q^ is the 
total complex of the double pro-complex whose p-th column is 

io<---<ip 

Here y^o,---,ip .= {t/^^ ^ yio,...,ip} and t : Ui^^___^i^ ^ X is the open immersion. 
\i Z = yi ^ 3^/+i ^ . . . is a system of A'"Coo-embeddings we put 
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5. iVP- ALGEBRAS AND SCHEMES 

The forgetful functors going from the category of Poisson algebras to vectorspaces 
and to commutative algebras have each a left adjoint, which we write respectively 
Poiss and P. We have an isomorphism of Poisson algebras 

(43) PSV = SLV = Poiss V 

where F is a vectorspace, L : Lie-Alg Vcct is left adjoint to the forgetful functor 
and 5" is the symmetric algebra. The Poisson bracket on SLV is induced by the 
Lie bracket of LV. Recall from [Co4] that if A is any commutative algebra then 
PA carries a natural grading 



(44) PA^^PiA 

1=0 

such that 

{PiA, PmA} C Pl+m+lA, PiA ■ PmA C Pi+mA 
In the case A — SV this grading is the same as the grading 

oo 

(45) SLV = SmLV 

m=0 

induced by 

LoV = V, Lm+iV=[LoV,LmV] 

Note that this is different from the usual grading S — (B'^^qS'^ of the symmetric 
algebra. The analogue of the commutator filtration for Poisson algebras is the 
Poisson filtration defined as follows. Let P be a Poisson algebra. Put FqP = P 
and inductively 



(46) F^+iP := 

For example 



m m 

: FiPFm+l-iP +J2< -t^^^' ^rn-iP} > 
i=l i=0 



FiPA=^PmA 



m>l 



The analogues of A^C^-algebras and schemes in the Poisson setting are called NPi- 
algebras and schemes. All what has been done for ATC-algebras and schemes trans- 
lates immediately to the A'"P-setting. We shall not go into the details of this 
translation here but shall make a few remarks about it. First of all we note that 
the coproduct of two Poisson algebras as such is not the same as their coproduct as 
commutative algebras or tensor product. If P = Poiss P/KP and Q — Poiss Q/KQ 
then 



(47) P]lQ = 



Poiss(P ® Q) 
« KP,KQ » 



where << X >> denotes the smallest Poisson ideal containing X (cf. [Co4]). Note 
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expresses this fact. Coproducts in NPi and products in NPi — Sch are defined 
accordingly. Second of all the right definition for the DGP of differential forms of 
A e Poiss is not flcommA, but is defined by the adjointness property 

Hom£)Gp(fipoiss^, Q) = Hompoiss(^, <5°) 

For example 

npoissSLV = S(L(V ® dV)) D S(LV ® dLV) = ncommSLV 

where dV and dLV are intended to be meaningful notations for the graded vec- 
torspaces 1] and (LF)[— 1]. In general if ^ e Comm, then 

(48) npoissPA = PnCommA 

where the P on the right hand side is the left adjoint of the forgetful functor 
DGP C DGComm. With this definition, the same considerations as to formal 
smoothness remarked for A'"C-algebras (4.2) hold in the NP-case (see [Co4,3.3]). 

6. Statement of the main theorems 

Before stating the first theorem we need some more notations. Recall that if Q is 
a Lie algebra and U Q its universal enveloping algebra then there is an isomorphism 
of vectorspaces 

(49) ciSq^Uq, gi...gn^ ^^sg{a)ga^...gan 

a 

Here a runs among all permutations of n elements. The map e is called the sym- 
metrization map. In theorem 6.2 below we use the particular case when g = LV is 
as in (43), so that Uq — TV, the tensor algebra. We use a "to indicate completion 
of a pro-sheaf; thus for example if is a system of ArC/-embeddings of a scheme 
X then 

I n ' 

In the statement of 6.2 below we use the fact that, as follows from lemma 3.1.2, if 
X is a commutative scheme and < Z < oo then 

(50) iy*(XjvC,-inf,C/FlC) = iy*(Xcomm-inf,C) 

where the O on the left hand side is the structure sheaf of XjvCi-inf while the one 
on the right hand side is that of Xcomm-inf- The same is true with Xjvpj-inf 
substituted for XjvCi-inf- 

6.2.Theorem. Let X he a separated commutative scheme, < Z < oo, y , Z and 

W systems of local NCi-, NPi- and Comm embeddings of X . Write O for the 
structure sheaf of each of the infinitesimal sites on X . Then there is a commutative 
square of natural isomorphisms 

H*{XNP,-in{, O) H*(Xzar, ^%p,) 



iy*(XjvQ-inf,C») ^^H*(Xzar,l^^C,) 
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Here e and e' are induced by the symmetrization map (49) and each ofn, ti' , noe and 
Tr'oe' by the natural projection O O/FiO and the isomorphism (50). Moreover, 
if we equip each of the four vertices of the top of the diagram with the filtration 
induced by the corresponding commutator or Poisson filtration then all three edges 
are filtered isomorphisms. 



6.3. Corollary. Assume X is formally smooth. Then 

H* (Xcomm - inf , O) =M* (Xzar, ^^Comm) 
(51) =H*(Xzar,P<«^^Comm) 

for each < / < oo. If moreover X admits a formally NCi-smooth thickening 
X ^ Yi, then (51) equals 

=H*((yOzar,^^iVC,) = H*{{Yi)NC,-inuO) 

for each I < oo. 

Proof Immediate from 6.2, (26), (48) and 3.1.1. □ 



6.4- Notation for sheaf cokernels. In theorem 6.5 and further below there appear 
several expressions of the form S/V where iS is a sheaf and P is a presheaf. What 
is meant is the sheafification of S/V. This abuse of notation saves us further 
decorating already involved symbols. 

6.5. Theorem. Let X , I, y, Z, W and O be as in Theorem 6.2. Assume the un- 
derlying open coverings ofy, Z and W are locally finite. Then with the convention 
of 6.4 there is a commutative square of natural isomorphisms 



(52) 



EI*(Xpro-Zar) 77>2 qZ 7 



) 



H*{Xr 



NCi-ini, 



O ■ 
[0,0]. 



■ H*(^Pro-Zar, 



TsF — — 1 



Ylm=0^ (-^Comm-inf, 

Here TTO^^Comm is the complex of sheaves 

^m^Comm 



t) -nLoII*(^Pro-Zar,r™n^„^„,) 



"Comm d 



m—1 



"Comm 



Om+2 
^ 'Comm 



Comm 

where ^^comm/'^^Comm i^ degree 0. Each of ai, e, and e' in (52) is induced by the 
unbarred map with the same name in Theorem 6.2; it is filtered for the respective 
commutator and Poisson filtrations. Each of 7, 7' is a filtered isomorphism for the 
commutator filtration of its source and the filtration = Y[m<ri') '^^^ target. 
The map 13 is a product of isomorphisms 

j3m ■ -H"*(^Comm-inf, ) ^ (-^Pro - Zar, T^^^C^mm) 

of which Po — CKo is the map of Theorem 6.2. 
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6.6. Corollary. Assume X is formally Comm.- smooth. Then 

(53) H* (Xcomm-inf , ^Qm~l ) ~ ^* ("'^Zar , T Comm) 

(54) H*(Xzar, o^"'"To 1 ) = n II*(^Zar, T^^^Comm) 

1.-r<Zi'Comm, -r<Zi'Comm/ „ 
— — m=0 

7/ moreover X admits a formally NCi-smooth thickening X ^ Yi then (54) equals 

= H((yOzar, ""^O 1 ) = H((yOiVC,-inf , ^ ^ 



6. 7. Notations for cyclic homology. Let X be an A'^Coo-scheme. The periodic cyclic 
homology of X is 

iyCr(X) :=H*(Xpro-Zar,CC^'"") 

where CC^'^'^ is the sheafification at each level of the 2-periodic procomplex 

'n-l 



^^per ^ I ^ ^n^^ 



\m=0 

called 9Q in [CQ2]. In particular for the Hochschild boundary b, 

We remark that as CC'^^'^ is 2-periodic, the Cartan-Eilenberg resolution can also 
be taken 2-periodic. Indeed the procedure for the construction of CE-resolutions 
described in [Wl, Proof of 5.7.2] yields periodic resolutions for periodic complexes. 
At level n — 1, CC^'^'^ is the periodic de Rham complex 

b 

called X in [CQ2]. We also consider the analogue of the latter complex for Poisson 
algebras, which is defined as follows. Recall from [Br] that if ^ is a Poisson algebra 
then there is a boundary map 

n 

5{podpi A ■ ■ ■ A dpn) = ^{-iy^^{po,Pi}dpi A--- AdpiA--- Adpn 

+ ^{-iy^^Pod{pi,pj} AdpiA---AdpiA---AdpjA---Adpn 

i<j 

We put 

d 



2) : A njA 
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where 



on 

"Comm 



We shall abuse notation and write X and 2) for the sheafification of X and 2) on 
the various topologies for schemes considered in this paper. If y and Z are systems 
of NCi- and NPi- embeddings then one can form the procomplexes of sheaves X'^ 
and 2)^ in the same way as was done with the complex in (42). 

6.8 • Theorem. Let n & "L, X , y , Z as in the case I = oo of theorem 6. 5 above, 
and X, 2) as in 6. 7. Then there is a commutative diagram of natural isomorphisms 



n2,>n^''""(^Comm-inf,0) 



M-(X^^P^_inf,2)) ^ H-(Xpro- Zar, 2)^) 



W{XNC^-.ui,X) 



Pro — Zar •) 



h 

Y 

HCP^^'iX) 



The m,ap fi sends the filtration = Yim<r(') isomorphically onto the filtration 
induced by the Poisson filtration (46); both /2 and f2' are filtered isomorphisms. 
The isomorphisms fs and fy are induced by the symmetrization map (49); they 
map the filtration induced by (46) isomorphically onto that induced by (1). 



6.9. Corollary. (Compare [FT, Th. 5], [W3, Th. 3.4-]) There is a natural iso- 
morphism 

HCl^^{X)= W iy'^-"(Xcomm-inf,C») □ 
23>n 

6.10. Corollary. Assume X is formally smooth. Then with the notations of 2.5 
above 

(55) HCr{X) =H*(Xpro-Zar,2)({-^}„) 

If in addition X admits a formally N Coo -thickening ^ ^ ^oo then the group (55) 
is also isomorphic to 



=EI* {Xpj-o - Zar , XOy^ ) □ 
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7. Auxiliary results 



7.1. Proposition. Let R G Ass he a quasi-free algebra, TR the tensor algebra, 
JR := ker(Ti? -» i?), s e Hoiajs^ssiR^TR/ JR'^) a section of the canonical projec- 
tion, J < R an ideal and I > 0. Then there are maps of pro-complexes 



and homotopies 5 : af3 — > 1 and 7 : (3a — > 1 all of which are natural with respect to 
R, s, J and I, and interchange commutators and graded commutators. In particular 
CnCi{R, J-i ^/[^; ^]) naturally homotopic to 



Proof. It suffices to check that the map a:=l®p: C{R, 0, O) 1— > VLR of the proof 
of [Co2, 2.4] which -by the proof of [Co2, 3.1]- preserves both the J-adic filtration 
and the commutator subspace, preserves also the commutator filtration, and to 
construct a natural homotopy inverse for it with the same properties. The proof 
that 01 preserves the commutator filtration is similar to the proof that it preserves 
the commutator subspace; one just considers the action of the full symmetric group 
on T"* rather than only that of the cyclic group. The map s of the proof of 
[Co2, 3.1] extends to a E^-equivariant contracting homotopy 9 of the augmented 
resolution T"^ k. Using 6 and the perturbation lemma [Co2, 2.5] one obtains a 
contracting homotopy of the mapping cone oi a, h : M" = C"^ © Q^i? —>■ M"~^ 
with the matricial form 



It follows that /? is a cochain map with a/? = 1 and that 7 is a homotopy 1 — > Pa. 
One checks, using the equi variance of 9 and s and the formulas of [Co2, 2.5] that 
both 7 and P preserve both the commutator subspace and the commutator filtration 
and are continuous for the J-adic filtration. □ 

Lemma 7.2. Let A G Comm, R G Ass, tt : R ^ A a surjective hom,om,orphism, 
7^1,71 ■ Ri,n := R/Fi+iR-\- (ker7r)''+^ A the induced map, T <Z B := R/FiR a 
multiplicative system and T = 7r~^(r). Then there is a commutative diagram with 
horizontal isomorphism 



a 



CnC: (R, J, O) ^ QnC, (R, J) 



QnCi {R, J)/[^NCi {R, J), ^NCt {R, J)] 




Rl,n[^-'] R[t-\ 



n 
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Proof. Both i? I— > i?2[r~^] and i? i— > {R[t~^])i are universal (initial) among all those 
algebra homomorphisms going from R to an A'"C/-algebra which invert F. Therefore 
they are isomorphic i?-algebras. By naturality we get a commutative diagram 



Ri[r-' 




where is the natural isomorphism of i?-algebras just defined. Thus maps 
K := ker(7ri[r~^]) = (ker7r;)[r~^] isomorphically to K' := (ker 7r[r~^]);. One 
checks, using [Kap, 2.1.5.1] that K"^ — (ker 7ri)"[r~^]. The map of the lemma is 
that induced by upon passage to the quotient. □ 



Lemma 7.3. Let G = Go®Gi®- ■ -^Gi be a graded commutative algebra. Assume 
G is additionally equipped with an associative -but not necessarily commutative- 
product 

I 

^ = J2%-G<»G^G 

such that $0 'is the original commutative product, and is homogeneous of degree 
p and a bidifferential operator. Consider the associative algebra R = (G, $) . // 
r G Go is a multiplicative system, then T — {s + g+\s Er,g+ e ®n>iGn} d R is 
a multiplicative system and 

R[t-^] ^ (r-^G,r-^$) 

Proof. Note first that the product r~^$ is associative because the associator local- 
izes 

^(r-i$) =r-^$(r-i$(, ), ) - r-^$(, r-^$(, )) 
=r-M($) = 

On the other hand that T is multiplicavely closed is clear from the fact that 
^{G>n ® G>m) C G>n+m- One checks that, upon localization of Go-modules, 
the projection G ^ Go becomes a surjective algebra homomorphism r~^7r : R' = 
(r~^G, r~^$) -» r~^Go. Thus an element x e i?' is invertible if and only if 
r~^7r(a;) is invertible. It follows that the obvious homomorphism i? — > i?' maps 
each element of T to an invertible element, whence we have a natural map (f) : 
R[V~^] — > R'. To prove that (j) is an isomorphism proceed as follows. Consider the 
filtration R = Rq D Ri D ■ ■ ■ D Ri, Rn = {G>n^ ^|G>„®G>„)- Each R^ is an ideal 
of i?, and by exactness of Ore localization, the associated graded ring is 

n=o-"n+lii J n=0 

Thus (p is an isomorphism because it is so at the graded level. □ 
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Lemma 7.4. Let V be a vectorspace, T = TV the tensor algebra, T<i — T/Fi^iT. 
Also let P = PoissF be the free Poisson algebra, and for the Poisson analogue 

of the commutator filtration, P<i = P/Fi+iP. Assume a multiplicative system 
r C P<o = T<,o = S := SV is given, and let T C T<; be the inverse image of 
r under the projection T<_i -» S. Then the symmetrization map (49) induces an 
isomorphism 

{r-ip<^r-ip<^} [T<af-i],T<af-i]] 

Proof. Apply lemma 7.2 with i? = T, ^1 = 5 = 5' to obtain an isomorphism 

T<i[T-^] ^ T[r-']/Fi+iT[r-']. Thus 

T</[r-i] _ r[f-i] 



[T<i[T-^lT<i[T-^]] Fi+,T[t-^] + [r[f-i],T[f-i]] 

Now [T[f-i],T[f-i]] is the image of the Hochschild boundary b : n^T[r-^] 
r[r~^], xdy [x,y]- But 

n^T[t-^] = T[t-^]dVT[t-^] = T[f (g)V(g) T[f-^] 

as T[r~^]-bimodules. Hence 

= — — 4 — ^ T r-M V 

6n2T[r-i] [T[r-i],niT[r-i]] 

and therefore 

(56) [T[t-'],T[t-']]^[T[t-'],V] 

On the other hand - by [Co4 2.1 (1)] — the map e induces a vectorspace iso- 
morphism P<; = T<;, whence T<z is identified with the algebra with underlying 
vectorspace P<i and multiplication 

(57) ^{x,y) := e~^(exey) 

By [Co4 2.1 (2)] and [Co3 2.2], Lemma 7.3 applies to G = P<i whence T<i[t-^] ^ 
(r-ip<z,r-i$). Thus, modulo F^+iTp-^], (56) gets identified with the subspace 
generated by the elements of the form 

I 

(58) ^(r-i$)p(s-^x,^;) - (r-i$)p(w,s-^a;) {x e P < I, s e r,v e V) 
By [Co3 1.1] the homogeneous part of degree one of (58) is 

{s-^x,v}e{r-'p<i,v} 

1 claim that each hogeneous part of degree p > 2 of (58) is zero. For s = 1, the 
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L <zT generated by V -[L, 3.3.5]- and in particular with its restriction to V. Recall 
both and are differential operators of order < p ([Co3 2.2]). Thus 

the identity 

F{s-'a) = j^dZ^-'^y ( ■) >-^'^'^F{s-'a) {seT,ae P<i) 

holds for both F — , ), $p(, f ). The general case of the claim follows from 
this observation and the case s = 1. We have shown that under our identifications 
[T<i[T-^],T<i[T-^]] gets identified with {T-^P<i,V}. It is clear that the latter 
coincides with {T-^P<i,T-^P<i}. □ 



Lemma 7.5. Let V be a vectorspace, S = Ocomm'S'y = S{V(BdV) the commutative 
DGA. Let Pj^S = (Bn>iPnS be the part of positive degree in the DG-Poisson 
envelope (44). Then there is a contracting homotopy 

h : P+S P+S 

which is right S -linear, homogeneous of degree zero for the Poisson gradation and 
maps S{LV © dLV) n P+S to itself. 

Proof. Define a fc-linear map d : W := V ® dV — > W, ddv = v, dv = 0. Extend 
d first to = LW as a derivation for the Lie bracket and then to all of Sq = PS 
as a derivation for the (skew-) commutative product. Put A = [d,d]. Write || for 
homogenous degree with respect to (45). Consider the grading uj of Sq determined 
by (.o{g) = 1^1 + 1. If a; is homogeneous with respect to u, then Ax = lv{x)x. Rescale 
the restriction of A to S+Q+ (notation as in [Co4, 1.0]) to obtain a /c-linear map 
K : S+Q+ —>■ S+Q+ with Kd + dn = 1. 

h:P+S = Sqo S+Q+ ^ P+S, h{x ® 2/) - (-l)'^^^^^ «(y) 

One checks that h is right ^fio-finear and that dh + hd = 1. □ 



Lemma 7.6. Let V be a vectorspace, P = PoissF, i > 0. Write iflcomiaP for the 
homogeneous part of degree i with respect to (45). Then there is a k-linear map 

such that 

i) (V(5 + 5W)U = UJtfuje ^horar^P, ^ > 2. 

Hi) The restriction ofV to i^^comm-P is a differential operator of SV -modules. 
Proof. Put L = LV, 



a—r 

(59) C^^ := Pi <S) {A'^L)a-{r+i)j C'r •=a-r^Comm-P = ^r,i 
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We have 

whence is a subcomplex of the complex C = (ficomm-P, S), and C = ©a>oC'"- 
The homogeneous component of degree of 5 : — > is the restriction of 

1 (8) S' , where S' : A^L —>■ hT~^L is the ChevaUey-Eilenberg boundary 

5'{gi A---Agr) = ^j] A A . . . V . . . V • • • A 

i<j 

Because L is free, there is a A;-hnear map V' : A^L — > A'^'^^L (n > 1) such that 
V'(5' + = 1 on A-^L. Because 5' is homogeneous of degree +1 for the chain 
complex decomposition induced by L = (Bn>oLn, we may assume V' homogeneous 
of degree —1. Put 

V"'° := 1 (8) V' : ^ C^+i (r > 1) 

Then V"''' is homogeneous of degree for the decomposition (59). By the pertur- 
bation lemma ([Co2 2.5]) there exists, for each n > 1, a /c-linear map V^'"^ : —>■ 
C^j^^ homogeneous of degree n (with respect to (59)) such that 



oo 

a.n 



V« := J] V 



n=0 



verifies + = 1 on (r > 2). Moreover, from the formulas of [Co2 2.5] 
and the fact that each of the components of 5 is a differential operator -because 
{, } is bidifferential- it follows that the same is true of each V"'*^. Therefore the 
map V = ©qV'* satisfies the conditions of the lemma. □ 

Lemma 7.7. Let V he a vectorspace, S = SV, P = PoissF. Consider the complex 



Pi if n = 2i 

'p""^ p ifn = 2i + l 



with coboundary maps d : m'^' ^n^i+i j . 9^2^+1 _^ ^2i+2 (i>o)_ Then m 
is naturally homotopy equivalent to ncomm'S' in such a way that each of the natural 
homotopy equivalences and homotopies involved is continuous for the adic topology 
induced by any ideal I < S. 

Proof. Put 

r D^" if n < 2z + 1 



■!^T if n = 2z + r (r > 2) 



Make into a cochain complex with boundary map 9" : OTfi" — > OTn^"*"^ given 

by 



{5 n odd and < 2i — 1 
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Let h and V be as in lemmas 7.5 and 7.6. Define maps 



an 



as follows 



1 n < 2i + 1 
-M n > 2i + 2 



1 n < 2?' + 1 
/5„ = -Vd n = 2i + 2 

-(Vd + dV) n>2z + 3 



7r, 



n<2z + 2 r n<2z + 2 

VhS n > 2i + 3 = | /^((^v - 1) n > 2i + 3 

One checks that a and (3 are cochain maps as well as that the following identities 
hold 

aP — 1 = ed + de Pa — 1 = + d^. 
Thus {^CouiuiS, d) = (910o,9) is naturally and adically continously homotopy 
equivalent to 01 = colim(DaOo ^ ^^^i ^ ^ . . . ) □ 

Lemma 7.8. Let U and V be vectorspaces, a, P > 0, j = a + p. Let Sq,^^ := 
X act on T'^U (g) as follows: 

{a, t){ui . . . Uj ® vi . . . v^) = 

(Sg T)Ucrl ■ ■ ■ UaaUa+Tl ■ ■ ■ Ua+Tf3 ® f ctI • • • VaaVa+rl ■ ■ ■ Va+T/3 

Then 

Proof. Straightforward. □ 

Proposition 7.9. Let X be a separated commutative scheme. Then 

H^iXcoram - inf , ^^Lmm) = (p > 1, n > 0) 

Proof. By (38), (39) and (40) it suffices to show that if t/ is a vectorspace and / C 
S = SU is an ideal, then the normalized pro-complex C{S, I, il^) is contractible. We 
shall show this for the case I = 0; a routine verification shows that all the cochain 
maps and homotopies we shall define are continous for the adic topology of any 
ideal /, proving the general case. Let V* and W* be the cosimplicial vectorspaces 
of [Co2,1.2]. We have 

(60) 5®""+^ = S{U®U^ V^) = SiW"^) 

Hence by the lemma above 
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Procompletion with respect to the ideal <U ® >C 5'®™+-^ gives the pro-space 
:= C^iS, 0, n^n =00 ^hor^mSU ® (T«+% ® T^+^V^i:^^^ 

0<a<n q+p=p 

where (m > 1). Recall from the proof of [Co2, 2.4] that for the normalized complex 
WV* we have 

WV^ = for r > m and T^W^ = k[^rn] 
Thus is the constant pro-vectorspace 

^=0 ^hor^mSU (T^U 0TW^h^_^,^^^_^ 
0<r<m p—r<q<p 

Recall from the proof of Proposition 7.1 that there is a E^-equivariant homotopy 
equivalence p : T'^V — > k[—m]. It follows that l®p passes to the quotient modulo 
the action of the symmetric group, giving a homotopy equivalence between C and 
a complex having 

D"^ := n^^^^SU ® A^-P+iU ® SP-'^U 

p—m<q<p 

in degree m. This vectorspace can be interpreted as a piece of the DG-module of 
m-differential forms of the DGA ^commSU . Namely 

=p^DG-Comin{^CorciinSU) 

Here the subindex p denotes weight with respect to the grading of QcommSU deter- 
mined by deg(u) = 0, deg{du) = 1. One checks further that the coboundary map 
is the restriction of d', the de Rham differential for forms on flsu- We have 

^^DG-Comm^^Comm-^t/ =S(U ® dU ® d' {U dU)) 
= S{U e d'U) (g) S{dU e d'dU) ^ClDG-CornmSU ClDG-ComrnSidU) 

It is clear that QoG-CommS (dU) is contractible by means of a weight preserving 
contracting homotopy h. Thus 1 ® /i is a contracting homotopy for D. This con- 
cludes the proof. □ 

Lemma 7.10. Let n, m > 0. Then 

i) Let J]J be the NCoo — inf sheaf c6ker{h : 1]^ Q}). Then 

ii) Let {m^ComniP)s ^6 the Comm-inf s/iea/coker(5 -.m-l ^^Comm^ ^Comm^) 

where the subscript on the left hand corner indicates degree with respect to the 
grading (44). Then 



zjni V _ 
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Proof. i)It suffices to show that if Comm 3 A = R/I with R quasi-free then for the 
presheaf cokernel fl* = fl* /bfl*'^^, the complex C(i?, /, Q,^) is naturally contractible. 
A similar argument as that given in the proof of 7.1 above shows that the homotopy 
equivalence of the proof of [Co2, Lemma 5.6] 

l^p : C{R,IAl ) — >■ — — — ; = — j 

preserves the commutator filtration. 

ii) By the proof of lemma 7.4, for R = TV, S = SV, and the presheaf cokernel 
^Comm ^ Comm Z*^^ Comm symmctrization map induces an isomorphism of 
pro-complexes 

oo 

n C{S, I,rrflkramP) = C{R, I, Q') □ 
m=0 



Lemma 7.11. Let V be a vectorspace, S = SV, T = TV, L = LV, P = PoissF, 
I <Z S an ideal, A = S/I and J G T the inverse image of I under the projection 
T T/FiT = S. Then the map 

r]{a i^dgiA... dgn) = e(a) (g) ^ sg{a)dgai ■ ■ ■ dg^n {9i G L) 
induces a homotopy equivalence of pro- complexes 

Proof. Consider the associative product x-ky = e~^{exey) for x,y E SL = P; put 
Q :— (-P, The map e induces a chain isomorphism between Q,Q = (OP, 6*^) and 
(0T,6). Moreover, it follows from [Co3, 2.2], [C4 2.1] and [C4 2.6] that the map e 
induces a chain pro-isomorphism 

Let a : SdL = AL ^ dVtP, 



a{dgi A • • • A dgn) = ^ sg{a)dgai ...dg^ 



Note 7/ = e o (1 (g) ct). By [Kas, Th. 3-a)], 1 (g) a is a chain map. It induces a chain 
pro-map 

(61) Ocomm(^ ^7^)-^^ 



P>oo + /°°P P>oo+/°°P 

We must show (61) is a homotopy equivalence. For this we shall construct a ho- 

; Q . r>/^ . r> _ r> „f -\ <^ „ ] — ; — . iQi'i ^ „A .1 ] 



32 



GUILLERMO CORTINAS 



K : {l<S>a)P — > 1 each of which will be continous for the linear topologies of the filtra- 

tions {ker(f]commP ^ ncom.nP/P>n+I''P)}n and {ker(f]P ^ nP/P>n+I''P)}n- 

We point out that the first of these topologies coincides with that of the filtration 

{/"^ricomm-P + ^ l^CommPjn 

l>n 

Write 

K:{ncomm^P,S')^P 
for the augmented Q Q "^-resolution denoted (L', b') in [Kas, Prop. 3] and 

R:{QP(^ P, b') A P 

for the augmented Hochschild resolution. By [Kas, Lemme 9] the continuous map 
l^a^l: K—^Ra, chain Q ® Q°P-module homomorphism. It suffices to construct 
continuous Q°^-homomorphisms : i? ^ 7' : i? — > R[l] and n' : K ^ K[l] 
such that P'b' = 5'/3, and such that 7' and k' be homotopies /9'(1(8)q;(8)1) — > 1 
and 1 — > {1 (E) ct (E) 1) P' ■ In turn for this it suffices to show that both R and K 
have continuous /c-linear contracting homotopies. For then the statndard procedure 
for lifting the identity in dimension zero to a chain map (3' using a contracting 
homotopy for K yields a continous /?', and similarly for the standard procedure for 
constructing the homotopies 7' and k,'. The map l®a, w(8)a;i— > dw®x defines 
a continous contracting homotopy for the augmented resolution R. To obtain a 
continous contracting homotopy for K proceed as follows. Put 

m-K* '■— i^Comm-P ® Pj 

i+j=m 

We have 

00 

K=^mK 5'imK) C 
m=0 p>Tn 

Let 5'^ be the homogeneous component of degree n > 0. By [Co3, 2.2] each 5'^ is a 
continous map. Hence if ho is a continous contracting homotopy for {K, 6q) then the 
map h = X]m=o perturbation lemma [Co2, 2.5] is a continous contracting 

homotopy for {K, d'). We remark that {K, Oq) is the standard Koszul resolution of 
P as a module over P ® P with its commutative structure. Thus essentially the 
same argument as in the proof of lemma 7.5 gives a continuous homotopy Hq as 
wanted. □ 

8. Proofs of the main theorems 

8.1. Proof of Theorem 6.2. We first do the case Z < 00. To start, we prove the 
existence of the isomorphism ai. Assume first X = Spec^. Choose a presentation 
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of A as quotient of a quasi-free R e Ass. Put Ri = R/Fi+iR and assume y is the 
following system of embeddings 

(63) y--{X^Y:^ Spec Ri} 

By lemma 7.2, for / e ^ and R D T = 7r~^{f'^ : n > 0} we have canonical 
isomorphisms 

(64) Cy{OnD{f)) = {Oy.{D{f))} = CNcm^-'],Jf,0) 

where J/ = ker(i?[r-i] ^ Af). Note R[T-^] is quasi-free, whence by proposition 
7.1 we have a natural homotopy equivalence between the pro-complex (64) and 

(65) nr,cAR[^-'iJf) 

Now because the D{f) form a basis for the Zariski topology, (65) determines a 
unique pro-complex of sheaves; by lemma 7.2 this pro-complex must be Q-^ . Next 
if 

O^J'^R'i^A^O 

is any presentation of A as quotient of a formally /-smooth R'l G NCi, then by 
[Col, 3.3] a choice of a map Ri — > R'l covering the identity of A induces a homotopy 
equivalence 

nNCi{R,J)^^NCi{R',J') 

which in turn gives a homotopy equivalence 

for y = {X ^ Y'}. Now no longer assume X is affine. If y consists entirely 
of afhne embeddings, say y = {SpecA^ ^ Speci?^} for some affine open covering 
{Spec Aj} of Spec^l, then each n-fold intersection 

(66) SpecAiQn---nSpecAi„ ^ Speci^J^ ■ ■ Spec i^^" = Spec{Rl° *■ ■ ■*Rl")i 

is of the form (63), (by 2.4.3) so from the affine case we obtain a homotopy equiv- 
alence 

If y is arbitrary then there is a finer system y' which consists entirely of affine 
embeddings; the argument of [HI, Remark on page 28] shows the refinement map 

oy oy' 

is a quasi-isomorphism. Next we construct the map e of the theorem. Assume first 
X = Spec A, choose a presentation (62) with R = TV, a tensor algebra and let y 
be as in (63). Further consider the system of A^P; -embeddings Z consisting of the 
single embedding Spec A ^ SpecPoiss<i V induced by the composite 

Poiss</ V = P<,SV -^SV^ A 
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Then by lemmas 7.2 and 7.3 and by [C4 2.1 and 2.6] the map (49) induces an 
isomorphism of pro-complexes of abelian sheaves 

Cz{0)^Cy{0) 

This proves the isomorphism e in the affine case. For general X one chooses 3^ to 
consist entirely of affine embeddings as above, and Z as the associated NCi- system; 
then use the affine case and the argument of (66), taking into account that the free 
product of tensor algebras is again a tensor algebra. To construct the map e' in the 
affine case one uses a DG- version of the same argument as for the construction of e. 
As per the arguments above, the affine case generalizes to the case when y consists 
of affine A/"Ci-embeddings, and Z is the associated A'"P/-system. It has already 
been shown that the hypercohomology of ^^^i independent of the choice of y; 
the same argument shows that of 0,f^p is independent of the choice of Z. To finish 
the proof it suffices to show that there is a choice of y, Z and W for which tt' o e' 
is a cohomology isomorphism. Choose an affine open covering U of X. For each 
U 3 U = Specif/ choose a presentation Au = SVu/Iu and let 

W ={Spec^[/ ^ Spec^Vf/ :U eU} 
Z ={Spec Au ^ SpecPoiss</ Vu :U eU} 
y ={Spec^[/ ^ SpecT<«V[/ :U eU} 

Then by the argument of (66) we are reduced to showing that if A — SV/I then 
the projection 



/°° Poiss<2(V © dV) 

S{V © dV) 



I°°S{V © dV) 

is a homotopy equivalence. This follows from lemma 7.5, and the fact that 

kcrg- rf) P^^^'r^jV ® dV) 
I°°PoisSm(V ®dV) 

m—l 

This concludes the proof of the case Z < oo of the theorem. Because the coho- 
mology isomorphisms we found come from natural cochain equivalences which are 
compatible with the inclusions NCi C NCi+i and NPi C NPi+i, the case I = oo 
follows. □ 

8. 2. Remark. A similar argument as that of the last part of the proof above shows 
that 

ii'"(Xcomm - inf , ^m) = (m > 1, n > 0) 

Indeed because Pm is quasi-coherent it suffices -by (40)- to show that for A a 
commutative algebra. 
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With the notations of the proof, we see using Prop. 7.1 that (67) equals 



omm 



which is zero by lemma 7.5. 



8.3. Proof of Theorem 6.5. We shall assume X afhne and / < oo. The same 
argument as in the proof of theorem 6.2 applies to deduce the theorem from this 
particular case. Let X = Spec^; choose R, tt and J as in (62) and let y be as 
in (63). Proceed as in the proof of theorem 6.2 to obtain a natural homotopy 
equivalence of pro-complexes of vectorspaces 



(68) 



CymDif)) 



[Cy{0){D{f)),CyiO)iDif))] ~ [n^c.(i?[r-l],J/),nyvc.(i?[r-l],J/)] 



for each / G A. Because ai is natural and because sheafification depends only 
on the value of the presheaf on a basis of the topology, (68) induces a homotopy 
equivalence of pro- complexes of sheaves 



(69) 



Cy{ 



O 



-) = 



Cy{0) 



[0,0y [Cy{0),CyiO)] 



This cochain map gives the cohomology isomorphism of the theorem. The same 
argument as in the proof of theorem 6.2 shows that the homotopy type of the 
complexes (69) is the same as that of those obtained from a different choice of 
A'"C/-embedding y' = {X ^ Speci?^}. Assume now R = TV, a tensor algebra, 
and choose y, Z and W as in the proof of theorem 6.2. Then by lemmas 7.2, 7.3, 
and 7.4, [C4, 2.1 and 2.6] and sheafification, we have isomorphisms of pro-complexes 
of Zariski sheaves 



O 



O 



© Cw((P.).) ^ C^{j^) A Cy{^) 



where Pm is as in remark 8.2 above and the subscript indicates the sheaf cokernel of 
the restriction of the coboundary map 5 of 6.7 to m-i^Comm-P) i-e. the sheafification 
of 



D{f) 



A DG-version of the same argument gives isomorphisms 



m=0 """^ ~ {^NPi^^NPi} - [^NCi^^NCi 



By naturality we get a homotopy equivalence 
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Next, consider the truncation T2m^ of the complex of Lemma 7.7. By 7.9, 8.2 and 
Proposition 7.9, we have a commutative diagram of homotopy equivalences 

TotCwiTm'yi) > Cw{{Pm)s) 



Tot Cw{Tmn) > Cw{j^-^) 

with as rows the natural projections and as columns the maps induced by that of 
Lemma 7.7. To finish the proof we must show that the natural projection 

(70) Tot Cw(Tm ^^Comm) ^ C^(Tm^^Comm) = Tm(i^Comm^) 

is a homotopy equivalence. Recall W = {Spec A ■— Spec 5"}, where 5" = SU is the 
symmetric algebra of some vectorspace U and A — S/I. Thus by (60) we have an 
isomorphism (where Cyl is as in [Co2]) 

Grade S{U ®U ^V^) by |(w,0)| = 0, \{^,u®v)\ = l. Then there is an inclusion 

TrrS^CoraraSU ^ Tm^CommCyl* SU = C* {SU, 0, Tm^Comm) 

of the constant co-simplicial cochain pro-complex as the part of degree zero of the 
Cech- Alexander pro-complex. The map t is a right inverse for the natural projection 
fj, : C* {SU, 0, Tm^Comm) ^ ''"m^Comm'S'L'". The Cartan homotopy associated to the 
degree derivation D{x) = \x\x gives a homotopy l/j, ^ 1 which is compatible 
with the cosimplicial structure, localization and the /-adic topology. Thus upon 
sheafification we get that (70) is a homotopy equivalence. □ 

8.3.4- It follows from 7.1 and the proof above that if R is formally A^'C^-smooth 
(/ < oo) and A = R/FiR then 



n 



= H^^'^^A. 



m=0 



8.4. Proof of Theorem 6.8. Let A G Comm, X = Spec A, R, J and tt as in 
(62). For Z > put Ri = R/Fi+iR d Ji ^ J + Fi+iR/Fi+^R, Yi = Spec Ri, 
y = {X ^Yi^Y2^...} the associated formally ATCoo-smooth embedding. By 
Goodwillie's theorem ([CQ2, Th. 10.1]), we have a natural isomorphism 



Tur* / V 



/-ir'per\ tu!* I v 



( nnver\y\ 
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To prove the isomorphism /4 it suffices to show that the natural pro-complex pro- 
jection 



(71) CCP'='^(i?oo/J^) - X(i?oc/J< 



oo ) 



is a quasi-isomorphism. Because (71) comes from a map of mixed complexes, it will 
suffice to show that the map between the corresponding Hochschild complexes 

{n{R^/J^),b)^{X{R^/J^),b) 

is a quism. By [Col, 3.3] it suffices to prove this in the case when R = TV, a tensor 
algebra. With the notation of Lemma 7.11, we have a commutative diagram 

{ncomm{PSv/i^psv + p^sv),6) — ^ iniR^/j^),b) 



^{PSV/I'^PSV + PooSV),d) — ^ {X{Roo/J^),b) 

where the top and bottom rows are respectively a homotopy equivalence and an 
isomorphism by Lemma 7.11 and its proof. By lemma 7.6, the first vertical arrow 
is a quism, whence so is the second. This gives isomorphisms and fy- It follows 
that all the coface maps of the Cech- Alexander co-simplicial pro-complex Cy{X) are 
homotopy equivalences, which gives isomorphism /2. A similar argument produces 
an isomorphism f2' for Z = {X ^ SpecP<iS'y "-^ SpecP<2 > . • • }; the passage 
from this to the case when P<ooSV is replaced by an arbitrary formally NP^o- 
smooth pro-algebra is done as in the A^Coo-case. The Poisson grading (44) induces 
a pro-cochain complex decomposition 

From (72), lemma 7.7 and (33) we obtain the isomorphism /i. This finishes the 
proof of the theorem in the affine case; the general case follows from this by the 
same argument as in theorems 6.2 and 6.5. □ 
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